   Logarithm and Exponential Functions                                                          2nd Course: Lecture (7)
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Integral of exponential 
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The Integrals of tan x and cot x

Equation (5) tells us at last how to integrate the tangent and cotangent functions. For the
tangent function,

_ [ sinx [ —du u = cosx > 0on (—m/2,m/2),
/tanxdx = /cosxdx = u du = —sinxdx
— [ |+

u
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|cos x|

= —In|cosx| + C =1 +C Reciprocal Rule

= In|secx| + C.

For the cotangent,
cos x dx du u = sinx,
cotxdy = | ———— = [ 3~
sinx du = cosx dx

=In|u| + C=In|sinx| + C = —In[escx| + C.
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/tanudu = —In|cosu| + C=In|secu| + C

/cotudu =In|sinu| + C = —In|escx| + C

/3 /3

du _ 1

tan 2x dx = tanu-=- = tan u du

2 2

/3

0 0

1 1 1
:51n|secu|] = 5(1112 —Inl) :51112

0

Substitute u = 2x,
dx = duf2,

u(0) =0,

u(m/6) = w/3
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Define u and du: u= In x du = % dx
x-du =dx
ubstitute to replace EVERY x and dx: -
_[ dx J. dx /" Solve
Inx u for dx

- _[ X-du
fu u Integrate.
Substitute = u
back to Leave = ln|u| +C

your answer in

terms of x. =In |]n x’ +
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Integration

Evaluate the integrals in Exercises 37-54.
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EXAMPLE 7  Integrating Exponentials

In2 In8 1 u = 3x, ;dn:dx, u(0) =0,
3
(’)/ e'd":/ e 3du y(n2)=3Im2=12 =8
0 0

_lgopn=2
=36-D=3

a2 2
(b) / e cosx dx = " Antiderivative from Example 6
0 o

=e' —e=e—1
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Find J’xe““‘ dx .
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Define u and du: u=3x"-1 du = 6x-dx
L du =dx
Substitute to replace EVERY x and dx: -
" Solve

J‘xeh;l dx = J‘xeuix for dx

= Ixe" E\{ du
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Exercises

1. Determine each of the following integrals
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@ [ a e f) [=Z—a
) /e*’—l o €) /m“ ) /r*+4 u

2. For each of the following integrals, use the result ‘[ ' ln|fl+cto determine the integral.

Then repeat the integral, using algebra to simplify the integrand before integration. Check

that the two answers obtained are the same.
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Answers

d) %lnlez'—lli»c e) Infsinz|+c f) —%hllr’7+4|+r
2. a) We’|+c=3mlz|+c b) Infe™*|+c=sinz+c
O —l|e | +ec=dls+c d) m|r'/2|+c:%1..\,\+c

e) Infe™|+c=5r+c ) —§m|f"/2|+c:m\x|+c
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Integrals
Evaluate the integrals in Exercises 41-62.
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The Integral [(1/u) du

Equation (1) leads to the integral formula

/%du:lnquC 3)

when u is a positive differentiable function, but what if « is negative? If u is negative, then

—u is positive and
/ du = /—d( u) Eq. (3) with u replaced by —u

=1In(-u) + C. (4)
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If u is a differentiable function that is never zero,

/%du:ln|u| +C. ®)

Equation (5) applies anywhere on the domain of 1/u, the points where u # 0.
‘We know that

n+1
/u"du: @ + C, n # —1 and rational
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EXAMPLE 4  Applying Equation (5)

2 -1 -1 u=x*=5 du=2xdx,
(a) / xzzxs‘i":/ %:lnhl@ u(0) = =5, u(2) = ~1
0 - -5 -5
=In|-1/-In|-5] =In1l —In5 = —In5
4cosf 5 u=3+2sin6, du=2cosbdo,
(b) //23 +C;SSln0d0:/ %du u(=m/2) =1, u(m/2)=5
5
:21n|u|]
1

=2In|5| —2In|1| =2In5

Note thatu = 3 + 2 sin 6 is always positive on [—/2, /2], so Equation (5) applies. m




