Chapter One: Vectors Electromagnetic Theory

With this choice of direction, we see that cross product is anticommutative
AxB=-BxA. (1.19)

It is also clear that if A and B are parallel, then A x B = 0, since ¢ is equal
to zero.
From this definition, the cross products of the basis vectors (i, j, k) can
be easily obtained
ixi=jxj=kxk=0, (1.20)

ixj=—jxi=k,
Ixle= k% j = 1
kxi=—-ixk=]j. (1.21)
The following example illustrates the cross product of two nonorthogonal

vectors. If V is a vector in the zzplane and the angle between V and k, the
unit vector along the z-axis, is # as shown in Fig. 1.13, then

k x V =V sin6j.

Since [k x V| = k| |V|sinf = Vsin#é is equal to the projection of V on the
xy-plane, the vector k x V is the result of rotating this projection 90° around
the z axis.

With this understanding, we can readily demonstrate the distributive law
of the cross product

Ax(B+C)=AxB+AxC. (1.22)

cross product A x B in terms of the components of A and B:

A x B = (Agi+ Ayj+ A, k) x (Byi+ Byj+ B.k)
= ApBgi x i+ AgByi x j+ AxB.i x k
+A,B,jxi+ AyB,jxj+ A B,jxk
+A,Bk X i+ A:Byk x j+ A, Bk x k
= (AyB, — A,B,)i+ (A, By — A.B,)j+ (As B, — A,B) k. (1.23)

This cumbersome equation can be more neatly expressed as the determinant

i j ok
AxB=|4, A, A, |, (1.24)
B, By B.
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Chapter One: Vectors Electromagnetic Theory

The Scalar Triple Product

The scalar triple product, as its name may suggest, results in a scalar as its result. It
is a means of combining three vectors via cross product and a dot product. Given the
vectors

A=4Ai+A i+ A3k
B=Ei+B:j+ Bik
C=C1+Ch)+05k

a scalar triple product will involve a dot product and a cross product

A-(BxC)

It is necessary to perform the cross product before the dot product when computing a
scalar triple product,

i j k
- _.|B: Bs| .|Bi By B, B,
BxC= 5_"1 B? B3| =1 5 C;;I_]‘CH Cs e Ch C?I
G, Gy G

since A = A; i+ Ay j+ Az k one can take the dot product to find that

; B, Bs B, Bs B, B,
A-(BxC)=(A — (A A
(B x C) =( 1) o, G (Asz) e o + (As) o 0y
which is simply
Important Formula 3.1.
Ay Ay As
A_ . (B X Cj = Bj_ Bg B3
Oy Oy G
B, By Bj A Ay Aj
B{AXCJ= Al Ag A5 :_Bl BQ B3 =—A{BXC}
¢y € Ci Cy Cy C3

Formula 3.1.
B-(AxC)=-A-(BxC).
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Chapter One: Vectors Electromagnetic Theory

Example 3.1.1. Given,

A=2011+353-1k

B=—i+]
C=2i+2j
Find
A-(BxC)
Solution:
Method 1:

Begin by finding

L0k a1 -3 3
BxC_—; ; g=1‘2 D[—_]lz D[+k‘2 2[
= ((1)(0) — (0)(2))i— ((=1)(0) — (0)(2))j + ((-1)(2) — (1)(2))k
—0i+0j—4k

... example continued

Take the dot product with A to find

A - (B x C) = (2)(0) + (3)(0) + (=1)(—4)

—
Method 2:
Ewvaluate the determinant
2 3 -1
10 —1 0 -1 1
A-BxC)=|-11 0(=(2) —(3) +(=1)
9 9 0 !'2 {]‘ '2 U'I 12 2‘
= (2)((1)(0) = (0)(0)) — (3)((=1)(0) — (0)(2)) + (=1)((~1)(2) — (1)(2))
=4
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Chapter One: Vectors Electromagnetic Theory

Example 3.1.2. Prove that

Important Formula 3.2.

A-BxC=AxB-C

Solution:
Notice that there are no brackets given here as the only way to evaluate the scalar triple
products is to perform the cross products before performing the dot products®. Let

A= Aji+Ayj+ Ask

B=Bi+B,j+ Bk
O =3 G E Gk

now,
Ay by -y e ien Gl e e o

A-BxC= B[ Bg B:g =—B; Bg B3=J‘11 AQ Ag —f-A x B=Ax B0
C, Cy Gy Ay Ay Ay |By B, By

“This is due to the fact that if the dot product is evaluate first one would be left with a eross produet
hetween a scalar and a vector which is not defined.

The Vector Triple Product

The vector triple product, as its name suggests, produces a vector. It is the result of
taking the cross product of one vector with the cross product of two other vectors.

Important Formula 3.3 (Vector Triple Product).

Ax(BxC)=(A-C)B—(A.B)C

BC Plane BC Plane
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Chapter One: Vectors Electromagnetic Theory

The Gradient of a scalar function

The vector in the parenthesis is called the gradient of ¢, and is usually written
as grad ¢ or Vo,

Op L Op

V=i, : ;

ox dy 0z

Since ¢ is an arbitrary scalar function, it is convenient to define the differential
operation in terms of the gradient operator V (sometimes known as del or

(2.61)

del operator)

This is a vector operator and obeys the same convention as the derivative
notation. If a function is placed on the left-hand side of it, ¢V is still an opera-
tor and by itself means nothing. What is to be diflerentiated must be placed on
the right of V. When it operates on a scalar function, it turns Vy into a vector
with definite magnitude and direction. It also has a definite physical meaning.

Ezample 2.4.1. Show that Vr = v and V f(r) = rdf/dr, where T is a unit
vector along the position vector r =i+ yj + zk and r is the magnitude of r.

Solution 2.4.1.

0 0 0
Vr = — +k
' ((9:1:+‘](9?;+ (9;;)
137" s d (22 + % + 2 )1/2 - iv ir
Ox ox v’ o ($2+y2+z2)]/2 — p?
VT,:E+_j_y+B:$i+yj+zk:£:,f‘

r T T T T

c)f df df

Vi) = "0z T (93; (’)z’
af df or —igf
Yor " 'droz arr’
dfx  dfy dfz xit+yj+zkdf df
_drr+d?’r+ drr r dr — d’r

etc.
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Chapter One: Vectors Electromagnetic Theory

Ezample 2.4.2. Show that (A -V)r = A.
Solution 2.4.2.

o .9 .0
(A-V)r = [(Axi+/1yj+/lzk)-<1—+.]—+k )]

dy 0z
0 0 %, ) .
- (Ax% + Ay% -+ Az&) (xi+ yj + zk)
= Agi+ Ayj+ Ak = A.

Ezxample 2.4.4. Find the maximum rate of increase for the surface p(z,y,2) =
100 + xyz at the point (1,3,2). In which direction is the maximum rate of
increase?

Solution 2.4.4. The maximum rate of increase is [V, 4, .
) ) 0
Ve = 1(— —|—J(— +k— ) (100 + zyz) = yzi + zzj + xyk,
Ay 0z
V|, 5, =161 +2j+3k| = (36 +4+9)/* = 0.

The direction of the maximum increase is given by

Vil 3, = 6i+2j+3k.

Example 2.4.5. Find the rate of increase for the surface ¢(z,y, 2) = zy? +yz°
at the point (2,—1,1) in the direction of i+ 2j+ 2k.

Solution 2.4.5.
V= 1i+,]2+k % (zy? +y2°) = y*i+ (2oy + 2°) j+ 3y2%k
or dy 0z /)"
le2’_1’1 — i = Sj — 31{

1A
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Chapter One: Vectors Electromagnetic Theory

The unit vector along i+ 2j+ 2k is

[4274%k 1
_IrAtEk oo,
i e Rl L

The rate of increase is

11
(i+2j+2k) = —5

if:an:ﬁ—ﬁ—%y

Lo =

Example 2.4.6. Find the equation of the tangent plane to the surface described
by o(z,y,2) = 2x2? — 3y — 4z = 7 at the point (1,—1,2).

Solution 2.4.6. If rj is a vector from the origin to the point (1, —1,2) and r
is a vector to any point in the tangent plane, then r — rg lies in the tangent
plane. The tangent plane at (1, —1,2) is normal to the gradient at that point,
so we have

Vol _1o(r—10) =0.

Vol 10= [(232 == 4) i—3zj— 41?21{} o

Lo =Ti—3j+8k.

Therefore the tangent plane is given by the equation
(Mi—3j+8k)-[(z—1)i+(y+1)j+(z—2)k] =0,
T(x—1)—-3(y+1)+8(z—2) =0,
Tz — 3y + 8z = 26.

Z V(D

P

r+dr

¢ = Constant

X

Fig. 2.6. Gradient of a scalar function. V¢ is a vector normal to the surface of ¢ =
constant
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Chapter One: Vectors Electromagnetic Theory

The Divergent of a Vector

Just as we can operate with V on a scalar field, we can also operate with V
on a vector field A by taking the dot product. With their components, this
operation gives

0 0 0 . ;
V.-A= (l%_i_']c‘)—y_i_kc‘) )—(1Am+.]Ay+kAz)

04, O0A, O0OA,
= n B 3y + P (2.69)

Just as the dot product of two vectors is a scalar, V - A is also a scalar.
This sum, called the divergence of A (or div A), is a special combination of
derivatives.

Ezample 2.5.1. Show that V-r =3 and V -rf(r)=3f(r)+ r(df/dr).
Solution 2.5.1.
o0 . .8 0 ..
Var = (la +Ja—y+ka) - (iz + jy + k2)

or Oy 0z
_%+%+8z_3'

Vorf (1) = (g +ig kg ) Gf(r) + Gus(r) + ()

0 0 0
6—[£f(r)] + 8—[Uf(?“)] + 8_[2“ r)]
0 )
— (1) g+ 1) g+ )+ 2
df87'+ df@+ df or

—3 G I S
flr)+z dr oz 7 ar dy dr 0z
or 9 (T ta +Z)1/z_} 2x _z,
oz Oz y C2(g2 424 22)Y2 )
or _u. or _ 2
oy 1’ 0z r 1(
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Chapter One: Vectors Electromagnetic Theory

V.rf(r)=3fm+ 2oL v 4 2d

T dr r dr r dr
+5! + 4% + 22 df
P dr

=37 +rS
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