Statistical Thermodynamic Chapter (1) / Probability

1.1

1.2

Introduction

Maxwell-Boltzmann statistics grew out of the Maxwell-Boltzmann
distribution, most likely as a distillation of the underlying technique. The
distribution was first derived by Maxwell in 1860 on heuristic grounds.
Boltzmann later, in the 1870s, carried out significant investigations into the
physical origins of this distribution. The distribution can be derived on the ground

that it maximizes the entropy of the system.

Maxwell-Boltzmann statistics is used to derive the Maxwell-Boltzmann
distribution of an ideal gas. However, it can also be used to extend that
distribution to particles with a different energy—momentum relation, such as

relativistic particles, and to other than three-dimensional spaces.

Probability function

For a system containing a large number of identical non-interacting, non-
relativistic classical particles in thermodynamic equilibrium, the fraction of the
particles within an infinitesimal element of the three-dimensional velocity space

d 3v, centered on a velocity vector of magnitude v, is given by

3
s, _|_.m |2 _M 3
f(v)dv_[%kT] exP( 2kT)d”’

Where m is the particle mass, k is the Boltzmann constant, T is
thermodynamic temperature and f{v) is a probability distribution function,

properly normalized so that over all velocities is unity
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The Maxwellian distribution function for particles moving in only one

direction, if this direction 1s x, is

B m B muz
f(va) dve = | [ 5o exp ( 2kT) dvz,

Distribution of Speeds for Noble Gases at Room Temperature

0.004 4

mj

5 0.003 4

0.002 4

Probability density

0.001 4

0.000 4

] 500 1000 1500 2000 2500
Speed (m/s)

The speed probability density functions of the speeds of

a few noble gases at a temperature of 298.15 K (25 °C).
The y-axis is in s/m so that the area under any section of

the curve (which represents the probability of the speed
being in that range) is dimensionless.

1.3 Typical speeds

The mean speed (v), most probable speed (mode) Vp, and root-mean-square

speed +/(v? ), can be obtained from properties of the Maxwell distribution. This
works well for nearly ideal, monatomic gases like helium, but also for molecular

gaseslike diatomic oxygen. This is because despite the larger heat capacity (larger
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internal energy at the same temperature) due to their larger number of degrees of

freedom, their translational kinetic energy (and thus their speed) is unchanged

Maxwell — Boltzmann Distribution for Solar Atmosphere
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» The most probable speed, v,,, is the speed most likely to be possessed by

any molecule (of the same mass m) in the system and corresponds to the

maximum value or the mode of f(v). To find it, we calculate the derivative

4 set it to zero and solve for v:

dv’
3
i OR[N
v kT 2kT P72k ) ~

with the solution:

muv3 . \/ 2kT 2RT
2kT ’ m M

where:

= R is the gas constant;
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= M is molar mass of the substance, and thus may be calculated as a
product of particle mass, m, and Avogadro constant, No: M = mN,.

For diatomic nitrogen (N,, the primary component of air)[s] at room
temperature (300 K), this gives

~

va

. . —1y—1
\/2 8.31J-mol 'K ' 300K ~ 422 m/s.

0.028 kg - mol *

The mean speed is the expected value of the speed distribution, setting b = ﬁ = 2kl,_,,:

(v) = / v f(v) dv
0
/ vde " dy
71 Jo
[b]2 1 [ 4
— 4 —_ _— = —
ﬂ-_7r_ 2b2 b
_ S _ SR %
Vam  \ aM NI P
root-mean-square speed /(v? ),

o = il ) = [/Ooo o2 £(v) dvr

|

=A4r

N | o
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In summary, the typical speeds are related as follows:

vp = 88.6% (v) < (v) < 108.5% (V) ~ Vrms. l

In n-dimensional space, Maxwell—Boltzmann distribution becomes

m 12 mv?
fv)d"v= [m] exp(— 1T ) d"v

Speed distribution becomes:

mv?

- o _ n—1
f(v) dv = const. x exp( ZkT) x " dv

The following integral result is useful:

a+1

R0 muv? [2kT ] 2 DS
a ——\d ant -z ,.a/2 d 1/2
/0 Y exp( 2kT) Y | m | A © T

i T +00 —-1/2
= 2k / e 222 dg
[ B 0 K

where I'(z) is the Gamma function. This result can be used to calculate the

moments of speed distribution function:
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+o0 L .
n— muv
fo Vv exp( = ) dv

(v) =

T (W)

S VmoT()

]_"(“_'*'1)
which is the mean speed itself vavg = (v) = 4/ % 2 s

+00 2
/ v? L exp(—g;c—T) dv
0

(V") = —=——= :
/0 v Lexp (— ST ) dv
ok T(57)
“Im | T®)
_ [2T] n _ nkT
| m | 2 m

which gives root-mean-square speed vy = 4/ (vﬁ) =4/ &J .

The derivative of speed distribution function:

df(v)

v

2
= const. X exp (_%) [_ %vn—l +(n— l)v"‘z] -0

This yields the most probable speed (mode) v, = 4/ % ;
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The General distribution of Maxwell-Boltzmann

Equilibrium configuration for system of /V distinguishable noninteracting particles

n

n
subject to constraints Z N; =N and Z Nie; =U (40)

Jj=1 Jj=

# of ways of selecting [V, particles from total of [\ to be placein j = 1 level

N\ N
Ny ) Ni{(N —Np)!

# of ways these [N particles can be arranged if there are (1 quantum states

. . N N A
for each particle there are J1 choices m (g1)* possibilities in all

# of ways to put V] particles into a level containing g1 distinct options

N o N! g iVl
N1 ) N(N - N)!

For ] = 2 w same situation
except that there are only (]\'r — ]\/'1) particles remaining to deal with

(17V — 17\71)!9‘_;\2
No!(N — N1 — No)!

Continuing process =

. Nighs (N — Ny)lgy?
n (M Mo No) = oy N1 NN = Ny = N

(N — Ny — Ny)!lgs

WWW_N_M_My
J1 J) J33" "
J\fl.i\fg.j\/,g ! H ]\T!

In general Wy = N! H

ﬂ“
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